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ENERGY INTEGRALS AND SMALL POINTS FOR THE 
ARAKELOV HEIGHT 

PAUL FILI, CLAYTON PETSCHE, AND IGOR PRITSKER 


Abstract. We study small points for the Arakelov height on the projective 
line. First, we identify the smallest positive value taken by the Arakelov height, 
and we characterize all cases of equality. Next we solve several archimedean 
energy minimization problems with respect to the chordal metric on the pro¬ 
jective line, and as an application, we obtain lower bounds on the Arakelov 
height in fields of totally real and totally p-adic numbers. 


1. Introduction 


The Arakelov height function /lAr : IP^(Q) —>■ M is defined by the formula 


(1) ^Ar(Q) = 01 X X logll(^(«o),CT(ai))|| 

^ vGMq (t:K^Cv 


Here a = (ao : ai) is a point in P^(Q), K is any number field containing the 
coordinates of a, and the outer sum ranges over the set Mq = {oo, 2, 3, 5, 7,...} 
of all places u of Q. For each place v € Mq, the inner sum in ([T|) ranges over all 
[K : Q] distinct embeddings a : K ^ Cv, and the norm || • ||„ : —>■ K is dehned 
by 


( 2 ) 


ll(a;o,a:i)L 


{\xo\l + \xi\iy/^ iiv = oo 
max(|a:o|i,, |a:i|„) if u = 2,3, 5, 7,... 


where | • |„ denotes the absolute value on C„, normalized to coincide with either the 
standard real or p-adic absolute value when restricted to Q. The product formula 


(3) Y log|cr{a;)|„ = 0 {x € K^) 

v^Mq (t:K‘—¥'Cv 


ensures that the value of h\-[{a) does not depend on the choice of homogeneous co¬ 
ordinates for a, and standard properties of field extensions ensure that the value of 
hxrioi) does not depend on the choice of the number held K. For more information 
on /lAr see, e.g., [5] § 2.8 or [7]. 

The dehnition of /lAr should be compared with the dehnition of the standard 
Weil height function hweii- To obtain hweii, rather than the formula ([2|) involving 
the ^^-norm at the archimedean place, one instead uses the sup-norm ||(a;o,a;i)||„ = 
max(|a;o|«, |a;i|i,) at both the archimedean and non-archimedean places. Many au¬ 
thors have studied questions surrounding points of small Weil height and their 
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properties; for example, these questions are closely related to the well-known ques¬ 
tion of Lehmer [9] on polynomials of small Mahler measure, results of Schinzel [13] 
and Bombieri-Zannier [B] on small totally real and totally p-adic points, and the 
theorem of Bilu |4] on the equidistribution of points of small Weil height. 

Despite the fact that the Arakelov height is perhaps the second most well-studied 
elementary example of an absolute height function on projective space (in the sense 
of Weil), the topic of small points with respect to Hai has been comparatively 
neglected. 

We first make a trivial observation. Identifying P^(Q) = Q U {oo} by setting 
a = (a : 1) and oo = (1 : 0), it follows at once from the definition that hAtip) > 0 
for all a S P^(Q), with /lAr(a) = 0 if and only if a = 0 or oo. (Compare with hweii, 
which vanishes precisely at 0, oo, and the roots of unity.) 

Our first result specifies the next smallest value taken on by the Arakelov height 
and characterizes all of the (infinitely many) cases of equality. 


Theorem 1. The lower bound /lAr(a) > ^ log2 holds for all a £ P^(Q) \ {0, oo}. 
Equality hAr{a) = ^log2 holds if and only if a is a root of unity. 


Next, we turn to the question of giving lower bounds for hAricx) under the as¬ 
sumption that the conjugates of a S Q satisfy certain splitting conditions. For 
example, if all complex embeddings of a lie in R, one says that a is totally real; 
similarly, if all embeddings of a into Cp lie in Qp, one says that a is totally p-adic. 
In[8], the first two authors used potential theoretic techniques to minimize a certain 
energy integral, and used this to obtain lower bounds on the Weil height hwen(cK) 
under splitting conditions. 

In the present paper, we carry out similar investigations for the Arakelov height. 
Recall that, for each place v £ Mq, the standard projective metric is defined by 


:Pi(C„) xPi(C,)^ [0,1] 


^v{x,y) 


\xoyi - yoxi\v 

ll(a^o,a;i)|U||(po,2/i)IU 


for X = (xo : xi) and y = {yo ■ yi) in P^(C„), where the norm || • ||„ : Cj —>• R is 
defined in ([2]). In the archimedean case, the metric 6v coincides with (one half of) 
the chordal distance obtained by identiying P^(C) with the unit sphere in R^ via 
stereographic projection. 

If AT is a number field and a, f3 £ ¥^{K) are distinct, then ([T]) and ([3]) give 


(4) hAr{a) + HaAP) = 01 -log(5„(cr(a),cr(/3)). 

In particular, given a point a G P^(Q) of degree d = [Q(a), Q] > 2, let {ai,..., ad} 
be the complete set of Gal(Q/Q)-conjugates of a in P^(Q). For each place v £ Mq 
we may view {ai,..., Ud} as a subset of P^(C„) via some fixed embedding i : Q 
C^. Then (jd]) and the Gal(Q/Q)-invariance of the Arakelov height implies that 

(5) hAr{a) = \ Y 

vGMq 


where for each place v £ Mq we define the energy sum 


( 6 ) 


Dy{a) 


I 

d{d — I) 


^ -log 6 v{a^,aJ). 

l<i,j<d 





ENERGY INTEGRALS AND SMALL POINTS FOR THE ARAKELOV HEIGHT 


3 


For large d, the energy sum ([6]) may be viewed as a discrete approximation to 
the energy integral 


(7) = // -\og6y{x,y)dv{x)diy{y) 

associated to a unit Borel measure^ v on P^(Ct,). It is the passage from the sum ([5]) 
to the integral 0 which opens the door to potential theoretic techniques used in 

[8] and in the present paper. Local height sums similar to ([6]) have been considered 
by many authors in different contexts, notably in Arakelov intersection theory and 
arithmetic geometry, but the connections with potential theory have their origins 
in Rumely [U and Baker-Rumely [3]. 

In the non-archimedean case v = p < oo, one has the trivial lower bounds Dp > 0 
and Ip > 0 owing to the nonegativity of the potential kernel — log(5p(x, y). But if 
one considers only those unit Borel measures v supported on P^(Qp), it was shown 
in Fili-Petsche [S] that 


( 8 ) 




plogp 
_ 1 


with equality if and only if i/ is the unique GL 2 (Zp)-invariant unit Borel measure 
on P^(Qp). 

Thus we turn our attention to the archimedean case C„ = C, and we drop the 
subscript v to ease notation. It is shown in m § III. 11 that if A is a compact subset 
of P^(C) which is large enough (in a precise potential-theoretic sense), then there 
exists a unique Borel probability measure pE supported on E which minimizes the 
energy integral I{v) among all Borel probability measures v supported on E. We 
will give further potential-theoretic details in § [31 The following results give explicit 
calculations for some sets E of arithmetic interest. 


Theorem 2 . When E = P^(C), the unique minimal energy measure nc on P^(C) 
is given explicitly by 

(9) dpc{z) = 

where i{z) is Lebesgue measure on C = P^(C) \ {00}. The associated minimal 
energy is 

Uh-c) = 

We note that Theorem |3| appeared in a slightly different form in [TJ Proposition 
5.2]. 

Theorem 3 . When E = P^(R), the unique minimal energy measure /iR on P^(R) 
is given explicitly by 

( 10 ) dpmiz) = ^ 

7r(l + x^) 

where i{x) is Lebesgue measure on R = P^(R) \ {00}. The associated minimal 
energy is 

^(/^r) = = 0.69315.... 


^For technical reasons, in the non-archimedean case it is better to consider the energy inte¬ 
gral for Borel measures supported on the Berkovich projective line. Since we focus here on the 
archimedean case, this subtlety does not affect the results of this paper. 
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In order to state the result for more general subsets of the real line, we need 
the notion of harmonic measure, see [TOl Section 4.3]. For a compact set E C M. 
of positive logarithmic capacity, let (C) \ E he the complementary domain 

containing oo and let g(i{z,oo) be the Green function of with pole at oo. Given 
a point z G fl, we denote the harmonic measure ujq{z, B) of a Borel set B C d^l at 
z with respect to 17. 


Theorem 4. For any compact set C M o/ positive logarithmic capacity, the 
unique minimal energy measure is given by 

fiE = i^n{h-) with I{fiE) = gn{i, oo)+ ^ J log{l + x'^)dujn{i,x). 

In particular, if E = [—r, r] is an interval, then 


^g[—r,r] (^) 


(\/r^ + 1 + 1) dx 

TTy/r'^ — x‘^{x‘^ + (\/r^ + 1 + 1 — \/r^ — 

(\/r^ + 1 + 1) dx 

7r\/r^ — x'^{x‘^ + (\/r2 + 1 + 1 + y/r^ — ’ 


X G (—r, r). 


and 

, , 2yfF^n 

— r,r]) — 

j j. 

Finally, we return to the Arakelov height and describe an application of the above 
potential-theoretic results to giving lower bounds ft.Ar(a) for points a satisfying 
splitting conditions. 



Theorem 5. Let S be a subset of the set Mq of all places of Q. Let Ls be the 
subfield of Q consisting of all algebraic numbers which are totally v-adic for all 
places V G S. If oo ^ S then 


( 11 ) 


liminf h^ria) > —i— 
«gpi(L5) - 4 9 


pes 


plogp 

_ 1 ' 


If OO G S then 

( 12 ) 


liminf /lAr(a) > ilog2 ^ 

^ ’ pes\{oo} 


plogp 

— 1 


Naturally, the lower bound of Theorem [5] is only interesting when it is greater 
than the elementary and unconditional lower bound 1 log 2 of Theorem [1] and this 
depends on the set S. For example, when S is empty the lower bound of TheoremjSj 
is J, which is worse than 1 log 2. When S = {u}, a single place, the lower bound of 
Theorem El beats 1 log 2 when u = 2, 3, 5, 7,11,13 but not when v = oo, 17,19,.... 
When S = {oo,p} for a prime p, the lower bound of Theorem [5] always beats 1 log 2. 
When S = {p, q} for distinct primes p < q, the lower bound of Theorem [5| always 
beats 5 log 2 when p = 2,3,5,7,11,13, and there are exactly 82 pairs of distinct 
primes S = {p, q}, with 13 < p < g, for which the lower bound of Theorem [5] beats 
^log2. 

The following result should be viewed as a refinement of (TT^ in the totally real 
case, in which all of the Gal(Q/Q)-conjugates are contained in a symmetric real 
interval. 
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Theorem 6. Let S be a subset of the set Mq of all places of Q, and assume that 
oo G S. For r > 0, let Ls^r be the subset of Q consisting of all algebraic numbers 
which are totally p-adic for all primes p G S, and totally real with all Gal(Q/Q)- 
conjugates in P^(C) lying in the interval [—r, r]. Then 


(13) 


liminf hxAa) > - log 
aGPHis.r) 2 


r 



plogp 
— 1' 


We give some examples to illustrate the applications of our results. 


Example 7. Suppose that S' = {2, oo}, so that Lg is the field of all algebraic numbers 
which are totally 2-adic and totally real. It then follows from Theorem [S] that 


1 1 2 log 2 

liminf /lAr(a) > - log2 + - • — -- 

aGPi(As) 2 2 22 - 1 


= 0.346574... + 0.231049... = 0.577623... 


Example 8. Now suppose we impose the additional restriction to the previous ex¬ 
ample that all conjugates in C also lie in the interval [—2,2], that is, we take 
S = {2,oo} and r = 2, so that Ls^r consists of all algebraic numbers which are 
totally 2-adic and have all conjugates lying in [—2, 2] in C. It then follows from 
Theorem |6| that 


lim inf 

a£P'-(Ls,r) 


^ ^ 1 , 2^2^ , 1 
/lAr(a) > 2 log- 2 -2 


2 log 2 


22 - 1 

= 0.402359 ... -k 0.231049 ... = 0.633409... 


Example 9. Suppose that S = {oo} and r = 2, so that we consider all algebraic 
numbers which are totally real with conjugates lying in the interval [—2,2]. Then 
Theorem [5] implies that 

1 2V22 -h 1 

liminf /lAr(a) > x log--- = 0.402359 ... 

«epi(is,r) - 2 ^ 2 

We note that if we imposed the additional restriction that our numbers were al¬ 
gebraic integers (which is not an assumption of our results above) then we have 
by well-known equidistribution results that the conjugates of these numbers will 
equidistribute in the interval [—2, 2] according to its logarithmic equilibrium mea¬ 
sure dv{x) = dxl'irA'^ — and therefore the Arakelov height will in fact limit 
to 

log AT? 

TTyf A — a;2 

and this limit is achieved for these numbers (which are preperiodic points for the 
Chebyshev map T 2 {x) = x^ — 2). It is an interesting open question to determine 
when the lower bounds for the Arakelov height in Theorems [5] and [6] are achieved 
as limits of heights for sequences of algebraic numbers. 



2. An ELEMENTARY LOWER BOUND ON THE ArAKELOV HEIGHT 

In this section we prove Theorem[TJ The proof is an application of this elementary 
lemma. 
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Lemma 10. Let d > 1 and r > 0 be integers, and let ai,... ,ad and bi,... ,br be 
positive real numbers with ai... aabi.. .br = 1. Then the quantity 

1 . d 1 r 

L = L{ai,.. .,ad,bi,...,br) = -i ^ - log(l + a|) + ^log+ bk 

^i=i^ fc=i 

satisfies the lower bound L > ^ log 2. Equality L = ^ log 2 holds if and only if 

Gl = • • • = Od = = * * * = 67. = 1. 


Proof. We are going to use the inequality 

1 

(14) —log a > - log a 

1 + 2 

which holds for all 0 < i < 1 and a > 0. To check da one uses the bounds | 

(for 0 < a: < 1 ) and ^ (for x > 1 ). 

Now define f{f) — L{a\,... ,a^^,b{,..., h\.) for 0 < f < 1. Then using (IT4l) and 
the trivial inequalities log'*' h>\ log'*' 6 > 5 log & for & > 0 , we have 

^ j—1 3 k—1 ' 

1 . d r s 

- = 0 . 
j^l k^l ' 

It follows that /(t) is nondecreasing for 0 < t < 1 and therefore 

(15) L = /(l)>/( 0 ) = hog 2 . 

Now suppose that L — ^ log 2. Then (ITSl) and the fact that f{f) is nondecreasing 
implies that f{f) is constant. Therefore 


nt) 


1 ^ 




d ^ (1 + afY 


2 (logaj)^ = 0 


for all 0 < f < 1, which can occur only if logOj = 0 for all 1 < j < d. Finally, from 
the definition of L, the assumption that L — ^ log 2, and the fact that oi = • • • = 
ad = 1, we deduce Yk=i log^ = 0. It follows that 6 ^ < 1 for all 1 < A: < r. But 
since bi.. .br = 1 we conclude &i = • • • = 6 ^ = 1 - D 


Proof of TheoremUi For a € , set K = Q(a) and d = [K : Q]. Viewing a as 

the point (a : 1 ) in P^(iF), the definition ([T]) simplifies to 

/iAr(a) = If ^log(l + l'^(«)l^) + Tl log’^k(«)lp 

P cr:K^Cp 

The lower bound hAr(a) > 5 log 2 now follows immediately from Lemma ITOl taking 
the Oj to be the numbers |cr(a)| as a ranges over all complex embeddings of K, 
and taking the bk to be the numbers |cr(Q;)|p as p ranges over a sufficiently large 
finite set of rational primes, and for each p, a ranges over all embeddings of K into 
Cp. The product formula ([3]) ensures that the hypothesis oi... Odbi.. .br = 1 oi 
Lemma flOl is satisfied. If equality hAr{oi) = ^ log 2 holds, then Lemma [TUI savs that 
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|tT(a)|„ = 1 for all places v S Mq and all embeddings cr : K by Kronecker’s 

theorem this occurs only when a is a root of unity. □ 


3. Minimal energy calculations 


First, let us set up the energy problem. For a Borel probability measure on 


pi(C), let 


■^(m) = 


pi(C)2 


-\og5{x,y)d^i{x) dfi{y). 


We call this integral the elliptic energy of fi. Tsuji established some of the funda¬ 
mental potential-theoretic results for the above kernel S{x,y) (cf. [H]). It follows 
from §111.11 in |15| and m Theorem III.8] that, for any closed subset E C P^(C), 
if the elliptic Robin constant Vs{E) given by 

Vs{E) = inf 

supp(/.a)C£^ 

is finite, then there exists a unique measure y. = y,E such that I{y) = Vs{E). 

Theorem 11. Given v a Borel prohahility measure supported on the closed set 
E C pi(C), 

inf Ug {x) < Vs{E) < sup Ug {x) 

xt^E 

where Ug (x) is the elliptic potential function 

Us{x)= [ -logS{x,y)dE{y). 

J E 

Proof. Our proof follows the same lines as the argument in |151 Theorem III.15] and 
[SI Theorem 7]. Since — log(5(a;, y) > 0 on P^(C) and y, v are probability measures, 
it follows from Tonelli’s theorem that 


/ U^{x)dy{x)= / U^{x)dv{x). 

JE JE 

Further, it follows from [151 Theorem III.46] that Ug{x) < Vg{E) everywhere, so 

[ U^{x)dy{x)<Vg{E) 

JE 

hence inf^^EUg {x) < Vg{E). In other direction, we may as well assume that 
that Ug{x) < oo, and from the usual maximum principle argument it follows that 
I{v) < 00 . Following the proof of [TH Theorem III.7], the only change being 
replacing the logarithmic kernel with the kernel — log i5(a;, y), that v cannot assign 
any positive measure to a polar set (that is, a set of capacity zero). Therefore, since 
Ug{x) = Vg{E) quasi everywhere for x G if, it follows that 

[ U^{x)dE{x) = Vg{E), 

JE 

and hence we can conclude that sup,j,g^ Ug (x) > Vg{E). □ 

From the uniqueness of the elliptic equilibrium measure and the above lemma, 
we immediately gain the following corollary: 


Corollary 12. If v is a Borel probability measure supported on a closed set E C 
P^(C) and the elliptic potential Ug (x) = C is constant for all x € E \ F, where F 
is a polar subset, then v is the elliptic equilibrium measure of E and Vg{E) = C. 
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Proof of Theorem [B Let fjL be the measure on (C) described on the right-hand- 
side of (|9]). By Corollary [iB in order to show that /i is the minimal energy measure, 
it suffices to check that the potential function Ug{x) is constant on P^(C). The 
group 17(2, C) of 2 x 2 unitary matrices acts transitively as a group of isometries 
on P^(C) with resepct to the projective metric 6{x,y). Further, a straightforward 
calculation shows that the measure ii is 17(2, C)-invariant. Therefore, given x^x' € 
P^(C), select / G 17(2, C) for which f{x') = x, and we have 



It follows that Ug (x) is constant, as desired. To calculate the minimal energy, again 
using Corollary IT^ we have 


/(m) = 17^00) 


/ — log S(z, oo) dfj,(z) 

7pi(C) 



One can also prove this result by using Theorem 6.1 of [H P- 245]. 


□ 


Proof of Theorem\M The orthogonal group 0(2, K) acts transitively as a group of 
isometries on P^(R) with resepct to the projective metric S{x,y), and a calculation 
shows that the measure y, on P^(R) described on the right-hand-side of (HOD is 
0(2, R)-invariant. It follows from the same argument as in the complex case that 
y is the minimal energy measure supported on P^(K). The minimal energy is 


liy) = U^ioo) 



We give a second proof that suggests how one can deal with general sets on the 
real line. Using the Poisson formula for the function Uw(z) = log \z — w\, '^{w) < 0, 
which is harmonic in the upper half plane, we have 


(16) 
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In particular, if we let y = 1 and w = —si for s > 0, then 

, I . f \og\x — t + si\dt 

(17) u-si{x + i) ^\og\x + i + si\ = / - - 

Jk 7r(l+t^) 

As this is a logarithmic potential with respect to the Borel measure /xr, it follows 
from the continuity of logarithmic potentials (see Corollary 5.6 in [T^ p. 61]) that 
this equality is also valid for s = 0, and thus we find that 

(18) ^ log(l + a:^) = log lx + i| = f , a; £ R. 

2 Jr 7r(l + t^) 

Thus Corollary 1121 confirms that is indeed the elliptic equilibrium measure of M, 
as 




f log \x — s\ dx 
Jr 7i-(l + a;2) 
log(l + x^) dx 
27r(l + x'^) ’ 


+ bog(l + s2) + i 

s G R. 


log(l + x'^) dx 

7r(l + a;^) 


It follows as before that 



log(l + a;^) dx 
27r(l + x^) 


U-i{x) dx 

7r(l + a;^) 


= u-i{i) = log 2, 


where the integral above is computed from the Poisson formula (USD for U-i{z) = 
log \z + i|. 

A third proof of this result could be given using the Hilbert transform, following 
an argument parallel to the proof of Theorem 1 (b) of [8] ; we do not work out the 
details here. □ 


Equation (1181) indicates that the potential of the unit point mass 5i coincides 
with the potential of /xr on the real line, i.e., ^r is the balayage of 5i out of the 
upper half plane in the sense of Theorem 4.1 of [HI p. 110]. This idea is extended 
in the proof of Theorem 01 


Proof of Theorem [7] We develop the idea of balayage for the unit point mass 6i at i 
from the previous proof. The balayage of 6i from the domain id = <C\E onto i? C R 
is given by the harmonic measure ujQ{i, •), see Section II.4 of m and Section 4.3 
of [To]. It follows from Theorem 4.4 of [HI p. 115] that the logarithmic potential 
of u!n{i, ■) satisfies 



^dwo(i,t) + bog(l + a;^) 



gn{t, oo) d6^{t) = gnii, oo). 


for quasi every x £ E. Hence is the elliptic equilibrium measure of E by 

Corollary [T^ because the elliptic potential of wn(i, •) is constant quasi everywhere 
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on E. Furthermore, we obtain that 

= J (^J log dujQ^i, t) + ^log{l + x'^)^ dujn{i,x) 

+ \ J ^og{l + f) du}n{i,t) 

= gn{i,oo) + ^ J log(l+ t^)da;n(j,t). 

We need to find wo(i,-) explicitly for i? = [—r, r], r > 0. This is conveniently 
done by using conformal invariance of harmonic measures, see Theorem 4.3.8 on nni 
p. 101]. If $ is a conformal mapping of fl = C\[—r, r] onto A = C\{t G C : |f| < 1} 
such that = oo, then the image of wa(*,-) under $ is uja{oo,-) = \dt\/{2Tr) 
supported on dA = {t g C : |t| = 1}. The mapping may constructed as 
the composition of two standard conformal mappings. These are w = $ 1 ( 2 ;) = 
(z + \/— T"^)/r that maps onto A with wo = $i(i) = (-v/r^ + 1 + l)i/r, and 
t = $ 2 (ic) = (wow — l)/{w — wq) that is a self map of A sending wo to infinity. 
Denoting the upper limiting values of $ on [—r, r] by and the lower limiting 
values by <!)_, we obtain the following expression for du!Q{i,x): 

(|$'^_(a:)| + |<i)'_(a:)|) ds + 1 + 1) dx 


2'k 


TT^/r'^ — x‘^{x^ + (\/r2 + 1 + 1 — \/r^ — a;^)^) 
(\/r2 + 1 + 1) dx 


G (-r,r). 


7r\/r^ — x^{x‘^ + + 1 + 1 + \/— x'^Y) 

To evaluate Is{g[-r,r\) explicitly, we use Theorem 5.1 of [121 P- 124] that gives 

J \og\z - t\d6i{t) + J gQ{z,t)dSi{t) 

= J log |z - t| da;n(i,t) + J gn(t, 00 ) ddi(t), z G fl. 

It follows that 

J log |z - t\dionii, t) = ga^z, i) + log \z-i\- gn{i, 00 ), z G Q. 

Since the left hand side is continuous at z = f, we obtain that 

/ log \i - t\du}n{i,t) = lim(gn(z,f) + log |z - i\) - gn{i,oo). 

J 

Hence 

/(/i[_r-,r]) = gn{i,oo) + J log \i - t\dujQ{i,t) = lim( 5 n(z,i) + log|z - i\). 

Furthermore, it is well known that gQ{z,i) = log|$(z)|, z G see [TOl p. 113]. 
This allows to compute the limit 

lim(go(z,i) +log|z - i|) = lim log |$(z)(z - i)| = limlog |$2 ($ 1 ( 2 :)) {z - i)\ 


= log 
= log 


Z — I 


lim {wqU} — 1) lim 
w-i-Wo z^i W — Wo 


{w = $l(z)) 


koP-1 




= log 


2\fT^ 
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□ 


4. POTENTIAL-THEORETIC LOWER BOUNDS ON THE ArAKELOV HEIGHT 


Proof of Theorems\^ and\^ We prove (ITTl) : the proofs of (IT^ and (IT^ are the same 
with trivial modifications. Suppose we have a sequence {cife} of distinct points in 
P^(L 5 ) with hAr(Q!fc) ^ for some £ G K. We must show that ^ is greater than or 
equal to the right-hand side of (ED. 

For each point a^, let be the Borel probability measure on (C) supported 
equally on the Gal(Q/Q)-conjugates of au- Passing to a subsequence, we may 
assume without loss of generality that the sequence of measures {[afc]oo} converges 
weakly to a Borel probability measure Pqo on P^ (C); this follows from Prokhorov’s 
theorem and the compactness of P^(C). 

Similarly, for each place p € S, let be the Borel probability measure on 
P^(Qp) supported equally on the Gal(Q/Q)-conjugates of ak- Again passing to 
a finite number of subsequences, we may assume without loss of generality that 
for each p G S, the sequence of measures {[afc]p} converges weakly to a Borel 
probability measure Up on P^(Qp). 

We have 


(19) 


£ = lim hAriak) 

fc—)- + oo 


>-lim inf Dy{ak) 

2 ^ 


1 


?.iG5u{oo} 


> - liminf 

2 ^ fe-).+oo 

ii€SU{oo} 

— 2 ^v{Vv) 

> 1 + i V 

- 4 + 2 ^ n2 _ 1 

P^s ^ 


as desired. In (fT^ . the first inequality uses (O and the nonnegativity of the Dp{a) 
for p G Mq \ (5 U {oo}); the second inequality uses a basic property of limits; the 
third inequality uses [U Lemma 7.54], a general result about discrete approxima¬ 
tions to energy integrals; and the fourth inequality uses ^ and Theorem [2l □ 
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